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Let X be a finite or countable set and tz a measure on X with t~(X) = 1. 
Using HaWs theorem on distinct representatives weprove that there exists an 
infinite sequence on X with discrepancy at most 1. This result is very close to 
the best possible. 
We shall investigate a distr ibution problem posed by H. Niederreiter [7], 
which arose from a method for explicitly constructing low discrepancy 
sequences in a compact space. Niederreiter [8] used the solution given here 
to obtain a result in combinator ia l  geometry. The problem may be stated 
as follows: 
Let X = {xl ..... xk} be a finite set, k >/2, and let ix be a measure on X 
with tz(xi) = ;li > O for 1 ~ i <~ k and ~.i=1 ~ = 1. For an infinite 
sequence co = (oJ,)~= 1 in X let A(i, n, ~o) denote the number of  occurrences 
o f  the element xi among the first n terms of  oo and let 
What is 
D(co) = sup I A(i, n, o9) -- Ain I. 
Dk = sup inf D(co) ? 
It was shown in [7] that Dk ~< k - -  1. Subsequently, H. G. Meijer and 
H. Niederreiter [5] proved 
1 1~1 D~ ~<~+~ 
n=l 
On the other hand, one can easily deduce D~ >/ 1 - -  ( l /k).  In this paper 
we will show 
1 
1 2(k -- 1) ~< D~ ~< 1. (1) 
We will also investigate some generalizations of the problem. For  example 
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we will consider the case that X has countably many elements and we 
define D~ in this case. We will prove 
D~ ---- 1. (2) 
Finally, we will make some remarks on a closely related problem. 
1. We give a short analysis of the problem to elucidate our 
method: Suppose we have a sequence o) ---- (~o~)~ 1 with D(co) < 1. For 
every n there is an i such that o)~ = xi • Suppose that x~ occurs exactly j 
times among ~ol, co 2 .... , ~o~. We define e~ = (i,j). We obtain a sequence 
of pairs, (~)~1,  such that (i, j ') occurs before (i , j) if and only i f j '  < j .  
Since D(~o) < 1, we have ,~ih -- 1 < A(i, h, co) < Aih + 1 for h = n - 1, n. 
Hence con = x~ implies 
c~, = (i, --[--n)ti]) or c~ = (i, - - [ - - (n  --  1) )ti]). (3) 
These pairs might be equal. 
Our method will consist of constructing a sequence (~,) subject to (3). 
This will be attained by applying a result from combinatorial theory on 
representatives of  subsets, which is (as Dr. Niederreiter kindly pointed 
out) due to P. Hall [3]. However, in our case it is insufficient to have merely 
a set of distinct representative pairs; it is necessary that certain pairs occur 
as representatives, aswe saw before. Generalizations of Hall's theorem to 
infinite sets of indices are therefore not applicable here compare ([1] and [6]). 
2. LEMMA 1 [3]. Let Ibe  afinite set of  indices, I = {1 ..... L}. For 
each n ~ I let S~ be a subset of  a set S. A necessary and sufficient condition 
for the existence of distinct representatives ~,  n = 1,..., L, ~eS~,  
~ =/= ~m , when n ~ m, is condition C: For each v =- 1,..., L and choice 
of  v distinct elements n~ ,..., n~, the subsets S~1 ..... S% contain between 
them at least v distinet elements. 
Proof. See, e.g., [2, pp. 45-47] or [4]. We will only use the sufficiency 
of the lemma, but the necessity is trivial. 
3. In the following lemma one can deduce Du(o)) < 1 instead 
of Du(~O) ~ 1 by a refinement of the proof. 
LEMMA 2. Let X = {xl ..... xk} be a finite set, k >~ 2, and let )tij 
(1 <~ i <~ k, 1 <~ j <~ N)  be a double sequence of  non-negative numbers 
A such that ~,i=1 iJ = 1 for  allj. For an infinite sequenee ~o in X let A(i, n, co) 
be as above and let 
Du(eo) = max A(i, n, ~o) -- ~ )~ij • 
l ~ i~k  
1 ~n~N j= l  
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Then there exists a sequence ~o such that DN(o)) ~ 1. Moreover, if c% = xi 
and n ~ N, then Ai, > O. 
7b 
Proof. Put Ai, = ~=~ Aij and Hi ,  = max(- - [ - -A in] , l )  for all n >~ 1, 
Ai 0 0,/7/o = 1, for all i. Set L = ~2i=1Hi~. Hence N ~< L < N + k. 
Define Ai~ for N<j~<L by A~=(HiN- -A iN) / (L - -N) .  Hence 
/c 
~=~ )tij = 1 for allj. We will construct a sequence co subject o 
A(i, n, co) -- ~ A,j ~ 1, ~ ~ k, ~ n ~ (4) for 1 i 1 L. 
This will prove Lemma 2. 
We denote by S the set of (ordered) pairs ( i , j)  where i and j  are integers 
with 1 ~ i ~ k, 1 ~ j  ~ HIN, and by S,  = 0~=~S,i the subset of S 
defined by 
S, i  = t {(i' Hi.,_1), (i, Hi,)}, if Ai,~ > 0, 
;~, if A~ = 0. (5) 
We will now check whether the subsets S~ ,..., SL satisfy condition C in 
Lemma 1: 
Let {hi ,..., n~} with n~ < n2 < "'" < n~ be a subset of {1,..., L} and let 
v 
w be the number of distinct elements in Uj=~ S,~. We have to prove v ~< w. 
Let i be fixed for the moment.  The intervals (Ai,, _a, Ai,%) are disjoint 
q2 
and have a total length ~2j=~ A~,j. Moreover 
and 
(A i , .~- l  , Ai~j] C (H i . .~- i  - -  1, H i  ~-1] W (Hin~ - -  
(Ai,nj_l , Ainu] = ~,  i f  )[ inj = O. 
1, H i~] ,  
q) 
Hence Zj=I  )t% ~< wi, where wi is the number of elements in L) ~=1 S~,~. 
On summing over i we find 
v = 1 i . j  = 1 i . j  <~ ~ wi = w. 
~=1 i=1 i=1 j=l i=l  
By Lemma 1 there exists a sequence of distinct representative pairs 
a~ .... , aL with ~ c Sn • Since the number of pairs in S equals L, each pair 
is representative of some Si and S = {~1 ..... ~L}. Furthermore, an = ( i , j)  
implies by (5) that '~i~ > 0 and that j  = Hi,n-~ or j  = H i ,  • 
Since L L (Hi.).=1 are (Ai~)~=~ and non-decreasing sequences of n, one has 
for j < H~ 
o~m = (i,j) ~ Hi .... 1 <~J < Hi~ ~ rn - 1 < n ~ m <~ n 
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and for j > H~, 
a~ = (i,j) ~ Hi~ < j ~ Hi,~ ~ n < m. 
Thus each pair ( i , j )  with j < H~, occurs in ~ .... , cq~, but no pair  ( i , j )  
with j > H~ does. It follows that for fixed i the number of  pairs ( i , j )  
among c~ ,..., c~, is equal to H i ,  or H~, -  1, depending on whether 
(i, H~n) does or does not  occur in this sequence. 
We define the sequence co as follows: I f  n ~ L and c% = (i, j) then 
co~ = x~, if n > L then co~ = xl • By this co is well defined. It  follows 
immediately from the above derived properties of z (c~)~= 1 that co~ : x~ 
implies )ti,~ > 0 and that A(i, n, co) = H i .  - -  1 or A(i, n, co) = H~,~. Since 
H~,~ - -  1 < A~. ~< H~. for all i and n, we have proved the inequality (4) 
[ A(i, n, co) -- Ain l <-..1 , for 1 <~ i <<. k, 1 <~ n <~ L. 
4. The result Dk ~ 1 for all k is a direct consequence of  the 
following theorem: 
THEOREM 1. Let X = {xl .... , xk} be a finite set, k ~ 2, and let Ai~ 
(1 ~ i ~ k , j  ~ N) be a double sequence of  non-negative numbers uch That 
lc 
~¢=1 )~iJ = 1 for  allj. For a sequence co in X let A(i, n, co) be as before and let 
l<~i<~k,neN i=1 
Then there exists a sequence co such that D(co) <~ 1. 
Proof. Let ON(CO) be defined as in Lemma 2. On applying this lemma 
we construct for every N e N a sequence w (N) such that DN(co (m) ~< 1. We 
construct he required sequence co as follows. 
Since X is finite, there is an x~ which occurs as the first element in 
infinitely many sequences co(u). We put co1 = xi • Now let the first n - -  1 
elements of o~ be constructed in such a way that there are infinitely many 
sequences CO(N) beginning with co~, coz ,.-., w, -a  • Since X is finite, there 
exists an element xi such that infinitely many sequences CO(N) start with 
co~, co2 ..... co~-1, x~. Put oJ~ = x~. So co is inductively obtained. 
Let N ~ N. Then co1 ..... CON is the first part  of a sequence oJ (M) with 
M > N. Hence DM(w) ~< 1. In part icular 
max A(i, n, co) -- ~ Aij ~ 1. 
1 ~ i~k ,1  ~ I~N 
Since this inequality holds for every N, we have D(co) ~ 1. 
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5. The result D~o ~ 1 is a direct consequence of the following 
theorem, which is proved by a simple trick: 
THEOREM 2. Let X = {xa, x2 .... } be a countable set and let A~j (i, j e N) 
e~ 
be a double sequence of non-negative numbers uch that Zi=l Aij ~- l for allj. 
For a sequence w in X let A(i, n, co) be as before and let 
D(oJ) ~-- sup ] Aft, n, m) -- ~ Aij . 
i ,n~N d=l 
Let E > O. Then there exists a sequence ~o such that D(~o) <~ 1 + E. 
Proof. Let n, < n2 < "'" be a sequence such that 
Aij < E/2 ~ for all j. 
i=nj 
We construct a double sequence A* (i, j c N) as follows: 
IA2,  if i < n~., 
~0, if i > n~. 
Since ~i~_1_ A~ = 1 and I A~j -- A.*. [ < e/2J for all j, we have 
[Ai~. --  h~*l < E. (6) 
j= l  
Let N c N. Since A* = 0 for i ~ nN, I ~ j ~ N, Lemma 2 enables us 
to construct a sequence ~o (u) = (~OUl, ~OU2 ,...) such that 
(N)) 
max A(i, n, ~o - ~ A~[ ~ l  . 
1 ~i~ nN,1 ~n~N I j= l  
and, by the second statement of  that lemma, ¢.ONj E {X 1 . . . . .  Xn4) for allj. So 
we obtain a sequence of sequences (~o(m)~v= 1 . 
Since there are only finitely many elements of  X, namely, xl ,..., x~ s , 
which can occur as j-th element in the sequences o;m, we can construct a
sequence completely analogous to the construction of  oJ in the proof  of  
Theorem 1. We find a sequence oJ* such that 
D(~o*) = sup I A(i ,n, o2) -- ~ A.* [ ~j ~<1. 
i ,n~N j= l  
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Hence by (6) 
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D(co) = sup A(i, n, co) -- ~ Aij 
i ,neN j=l 
6. The following result is in a sense the counterpart of Theorems 1 
and 2: 
THEOREM 3. Let X = {xl ,..., xk} be a finite set, k >~ 2, and let A(i, n, co) 
and D(co) be as in the introduction. Let 0 < E < (1/2k). Then there exists a 
sequence of positive numbers Ai(1 <~ i <~ k) such that Y, ik=l )h = 1 and for  
every sequence co in X 
1 
D(co) > 1 2 (k -  1) e. 
Proof. Choose an irrational number t~ with 1 -- E < (k -- 1)~ < I 
and take A1 = A2 . . . . .  A~-I =v~, ;~j~= 1 --  (k - -  1) o% Hence 7~ 
E~=I A~ = 1 and 0 < )to < E. We set n;~i = g~, + ri,~, with gi, ~ Z and 
0 ~< r~, < 1. The numbers r~, are dense in [0, 1), since v a is irrational. 
Take an integer N such that 
1 1- re  
< tiN < 1 <~ i < k. (7) 2(k -  1) 2 (k -  1)' 
Hence, by Ei=l r~u = 1, 
1- -e  1 - -U -  < r~ < ~. (8) 
Suppose there exists a sequence w in X with D(co) ~< 1 - e - 1/2(k - 1). 
k 
Then A(i, N, ~) = g~z~ for 1 ~ i < k. We have ~i=1 riu = 1 and hence 
A(k, N, ~) = g~N + 1. (9) 
By (7) and (8) one has (N + k -- 2) A~ = gin + ri,N+~--2 with 
1 1 - -~ 
1 2( ]£ -  1) e < r i ,N+~_ 2 < 1 2(k --  1) ' 1 <~i<k,  
and 
1 ~ 1 
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This leads to 
7¢ 
{A(i, N -}- k -- 2, to) -- A(i, N, w)} /> k -- 1, 
i=l 
while the sum should equal k --  2. 
7. In this section we will prove (1) and (2). Let A 1 , A 2 ,... be non- 
co 
negative constants uch that Y.~=I )~ = 1. Take ~j  = A~ for all j. Since the 
case ;~+1 = Ak+2 . . . . .  0 is not excluded in the definition 
D®= sup, inf~ D(to), where D(to) is as in Theorem 2, we have 
Do~ ~ Dk,  for all k. (10) 
Theorem 2 implies that D~ ~< 1. On the other hand, Theorem 3 gives 
Dk >/ 1 --  1/2(k --  1) for all k. By (10) the combination of both results 
proves that (1) and (2) are valid. 
8. There is a problem very similar to the one for Dk : 
For any subset Y of  X = {xl ,..., xk} put 




C(w) = sup A(Y ,n ,  to ) - -n  ~ Ai . 
YCX,neN xi~ y 
C~ = sup inf C(w) ? 
k . k 
It is clear f rom ~i=1 AO, n, to) ~ n ~ n ~i=1 ,~ that 
sup A(Y,n, to ) -n  y~ '~1 
YCX xte y 
= yy (A(i, n, to) - -  n;~D 
k 
= ½ E [ A(i, n, to) -- n)t i [, (11) 
i=1  
where E + is the sum over all i with A(i, n, to) > n~t i and E -  is the sum over 
all i with A(i, n, to) < n2t i . 
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Let co be the sequence in Theorem 1. Then I A(i, n, co) -- n)ti [ ~< 1 for 
all i and n, and hence 
k 
C(co) = 1 ~ I A(i, n, co) -- n)t~ I <~ k/2, 
i=1  
by (11). It follows that C~ <~ k/2. Meijer and Niederreiter [5] have proved 
the slightly better result Ck ~< (k -- 1)/2. But they did not give lower 
bounds for C~. We will show that Ck >~ k/4 by giving two examples due 
to Dr. Meijer and the author: 
(i) Let k be even. Put ~ = k -~ for all i and consider the situation for 
n = k/2. One has nAi = ~- for all i and hence, by (11), 
1 ~ k Ck >/ ~ ~'-~Y' [ A(i, n, co) -- nA~ [ >/ ~-. 
(ii) Let k be odd, k=4 l+S with I~N,  I3 I  = 1. Let 0<e<~- ,  
N>k/4E ,  and set A~=Az=½-- (k - -2 ) /SN,  13 . . . . .  Ak= 1/4N. 
k )~ =_ 
Hence ~i=t i = 1. Consider the situations for n = 2N and n 2N -+- 3. 
We have 2N;~a = 2NA2 = N- -  (k --  2)/4 --  N -- l+  (2 -- 5)/4 and 
2N;~ == ½ for other values of  i. I f  [ A(i, 2N, co) -- 2N~ I = ¼ is not valid 
for i ~ 1, 2 we have 
k 3 1 1 k 
IA(i, 2N, co) - -2NA,  I >~+~+(k- -2 )  -- 2 ' 
i=1  
and hence C~ >~ k/4. However, if I A(i, 2N, co) -- 2N)~i I = ~ for i -~ 1, 2, 
one has by l~ l  = l that  
IA(i, 2N+5,  co)--(2N-I-5)A~[ =I -+~i ,  for i=  1 
Hence 
I A(i, 2N + ~, co) -- (2N q- g) Ai [ 
i= l  
1 3 1 >~ ~ + ~1 + ~ - ~1 + (k -- 2) (~ 
or i=2 .  
1) k 
4N > ~- - -  e. 
Thus C(w) > (k/4) --  e for every co and Ck >~ k/4. 
Finally, let C~ denote the value of  C in case X has infinitely many 
elements. Defining the measures )i (1 ~< i ~< k) as we did in the previous 
examples and A i = 0 for i > k, we obtain C~ >~ k/4 for all k. Hence 
C~=-  oo. 
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Note added in proof Recently H. G. Meijer proved by a refinement of the proof 
in this paper that D~ = 1 -- 1/(2(k -- 1)) for k = 1, 2, 3 ..... He also gave a better 
upper bound for Ck. See H. G. Meijer, On a distribution problem in finite sets, Nederl. 
Akad. Wetensch. Indag. Math. 35 (1973), 9-17. 
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